REDUCIBILITY OF RATIONAL FUNCTIONS IN 
SEVERAL VARIABLES 



ARNAUD BODIN 

Abstract. We prove a analogous of Stein theorem for ratfonal 
functions in several variables: we bound the number of reducible 
fibers by a formula depending on the degree of the fraction. 



1. Introduction 

Let K be an algebraically closed field. Let / = | G K{x), with 
x = (xi, . . . , n ^ 2 and gcd(p, q) = 1, the degree of / is deg / = 
maxjdegp, degg}. We associate to a fraction / = | the pencil p — Xq, 

X ^ K (where we denote K = K U {oo} and by convention if A = oo 
then p — Xq = q). 

For each X E K write the decomposition into irreducible factors: 

p-Xq = \[Fl\ 

i=l 

The spectrum of / is cr(/) = {X E K \ nx > 1}, and the order of 
reducibility is p{f) = J^xeiii'^^ ~ 

A fraction / is composite if it is the composition of a univariate 
rational fraction of degree more than 1 with another rational function. 

Theorem 1.1. Let K he an algebraically closed field of characteristic 
0. Let f E K{x) be non-composite then 

pW) < (deg/)2 + deg/. 

A theorem of Bertini and Krull implies that if / is non-composite 
then (t(/) is finite and we should notice that #cr(/) ^ Later 
on, for an algebraically closed field of characteristic zero and for a 
polynomial / G K[x,y], Stein [St] proved the formula p(/) < deg/. 
This formula has been generalized in several directions, see [Nal] for 
references. For a rational function / G C{x,y) a consequence of the 
work of Ruppert [Ru] on pencil of curves, is that < (deg /)^. For 

K algebraically closed (of any characteristic) and / G K{x, y) Lorenzini 
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[Lo] proved under geometric hypotheses on the pencil {p — \q) that 
p{f) < (deg/)^. This has been generahzed by Vistoh [Vi] for a pencil 
in several variables for an algebraically closed field of characteristic 0. 

Let us give an example extracted from [Lo]. Let f{x, y) = ^ ^xy(i+x+y)^^ - 
then deg(/) = 3 and o"(/) = {l,j,j^, oo} (where {1, J, J^} are the third 
roots of unity). For A G cr(/), (/ = A) is composed of three lines hence 
p{f) = 8 = (deg/)^ — 1. Then Lorenzini's bound is optimal in two 
variables. 

The motivation of this work is that we develop the analogous theory 
of Stein for rational function: composite fractions, kernels of Jacobian 
derivatives, groups of divisors,... The method for the two variables case 
is inspired from the work of Stein [St] and the presentation of that work 
by Najib [Nal]. For completeness even the proofs similar to the ones of 
Stein have been included. Another motivation is that with a bit more 
effort we get the case of several variables by following the ideas of [Nal] 
(see the articles [Na2], [Na3]). 

In §2 we prove that a fraction is non-composite if and only its spec- 
trum is finite. Then in §3 we introduce a theory of Jacobian derivation 
and compute the kernel. Next in §4 we prove that for a non-composite 
fraction in two variables p(/) < (deg/)^ + deg/. Finally in §5 we 
extend this formula to several variables and we end by stating a result 
for fields of any characteristic. 

Acknowledgements: I wish to thank Pierre Debes and Salah Najib 
for discussions and encouragements. 

2. Composite rational functions 

Let K be an algebraically closed field. Let x — (xi, . . . , Xn), 2. 

Definition 2.1. A rational function / e K{x) is composite if there exist 
g e K{x) and r e K{t) with deg r ^ 2 such that 

Theorem 2.2. Let f — ^ & K{x). The following assertions are equiv- 
alent: 

(1) / is composite; 

(2) p — Xq is reducible in K[x] for all X E K such that degp — Xq ~ 
deg/; 

(3) p — Xq is reducible in K[x\ for infinitely many X & K. 

Before proving this result we give two corollaries. 

Corollary 2.3. / is non-composite if and only if its spectrum cr{f) is 
finite. 
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One aim of this paper is to give a bound for cr(/). The hard imph- 
cation of this theorem (3) => (1) is in fact a reformulation of a theorem 
of Bertini and KrulL 

We also give a nice application pointed out to us by P. Debes: 

Corollary 2.4. Let p G K[x\ irreducible. Let q G K[x\ with degq < 
degp and gcd(p, g) = 1. Then for all but finitely many X & K, p — Xq 
is irreducible in K\x\. 

Convention : When we define a fraction F = ^ we will assume that 
gcd(P,Q) = l. 

We start with the easy part of Theorem 2.2: 

Proof (2) =^ (3) is trivial. Let us prove (1) =^ (2). Let / = ^ be a 
composite rational function. There exist g = ^ E K{x) and r G K{t) 
with k = degr ^ 2 such that f = r o g . Let us write r = |. Let 

X E K such that dcga — Xb = degr and factorize a{t) — Xb{t) — 
a{t-ti){t-t2)---{t-tk), aeK*,ti,...,tke K. Then 

X (f ^^ f^~^^\f\ {g -ti)---{g -tk) 

p-Xq^q-{f -X)^q - ( — - — 1 [g) = aq — . 

Then by multiplication by at the numerator and denominator we 
get: 

(P - M) ■ {v^Kg)) = Oiq{u - tiv) ■■■{u- tkv), 
which is a polynomial identity. As gcd(a, 6) = 1, gcd{u,v) — 1 and 
gcd(p, q) = I then u — tiv, . . . ,u — t^v divide p — Xq. Hence p — Ag is 
reducible in /Tla;]. □ 

Let us reformulate the Bertini-Krull theorem in our context from [Sc, 
Theorem 37]. It will enable us to end the proof of Theorem 2.2. 

Theorem 2.5 (Bertini, Krull). Let F{x,X) = p{x) — Xq{x) G A] 
an irreducible polynomial. Then the following conditions are equivalent: 

(1) F{x, Ao) G K[x\ is reducible for all Xq E K such that deg^. F{x, Aq) = 
deg.F. 

(2) (a) either there exist (f),ip & K[x\ with deg^, F > max{deg 0, deg 

and Qi G K[X], such that 

n 

F{x,X) = Y,a,{X)4>{xT-'i^{xf- 

(b) or char(i^') — tt > and F{x, A) G K[x^, X], where x^ — 
{xi, . . . , x^). 
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We now end the proof of Theorem 2.2: 

Proof. (3) =^ (1) Suppose that p — XqQ is reducible in K\x\ for in- 
finitely many Xq E K; then it is reducible for all Xo E K such that 
deg^F(x, Ao) = deg^F (see CoroUary 3 of Theorem 32 of [Sc]). We 
apply Bertini-Krull theorem: 

Case (a): F{x, A) — p{x) — Xq{x) can be written: 

n 

p(x) - Xq{x) = J]a,(A)0(a;)'^->(a;)\ 

i=0 

So we may suppose that for i = l,...,n, deg;^aj = 1, let us write 
aj(A) — ai — Xj3i, oii, Pi e K. Then 



n n I . 

p{x) = Y.a,ct>{xf-'ij{xr = 

=0 . - (i> 



and 



n n I . 



Pi\ 

i=0 i=0 

If we set g{x) = ||f} e K[x], and r(t) = then ^{x) = rog. 

Moreover as deg^F > max{deg0, deg-?/;} this implies n ^ 2 so that 
degr ^ 2. Then | = / = ro^isa composite rational function 

Case (h): Let tt = char(ir) > and F[x,X) = p{x) — Xq{x) G 
A = it implies that p{x) — P{x^), then there exists 

p' G K[x\ such that p{x) = {p'{x)y . For A = — 1 we obtain s' G K[x\ 
such that p{x) + q{x) = {s'{x)y . Then q(x) = {p{x) + q{x)) — p{x) = 
{s'{x)y — {p'{x)y = (s'(x) —p'{x)y. Then if we set q' = s' — p' 
we obtain q{x) = {q\x)Y ■ Now set r{t) — and g = ^ v/e get 

f-^,-{iy = rog. ' □ 

3. Kernel of the Jacob: an derivation 

We now consider the two variables case and K is an uncountable 
algebraically closed field of characteristic zero. 

3.1. Jacobian derivation. Let f,g E K{x,y), the following formula: 

dfdg dfdg 

OX oy oy ox 

defines a derivation Df : K{x,y) K{x,y). Notice the Df{g) is the 
determinant of the Jacobian matrix of {f,g)- We denote by C/ the 
kernel oi Df: 

Cf^{gEK{x,y)\Df{g)^0}. 
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Then C/ is a subficld of K{x,y). We have the inclusion K{f) C C/. 
Moreover ii g'' e Cf, k e Z \ {0} then geCf. 

Lemma 3.1. Let f = ^, g & K{x,y). The following conditions are 
equivalent: 

(1) 9 e Cf; 

(2) / and g are algebraically dependent; 

(3) g is constant on irreducible components of the curves {p — Xq — 
0) for all but finitely many A G K; 

(4) g is constant on infinitely many irreducible components of the 
curves {p — Xq = 0), X & K. 

Corollary 3.2. If g ^ Cf is not a constant then Cf = Cg. 

Proof 

• (1) ^ (2). We follow the idea of [Nal] instead of [St]. / and 
g are algebraically dependent if and only trsmscKKif, g) = 1- 
And transcx-ft^(/, S*) = 1 if and only the rank of the Jacobian 
matrix of {f,g) is less or equal to 1, which is equivalent to 

geCf. 

• (2) =^ (3). Let / and g be algebraically dependent. Then there 
exists a two variables polynomial in / and g that vanishes. Let 
us write 

n 
1=0 

where Ri{t) e K[t]. Let us write f ^ ^, g ^ ^ and Rn{t) = 
a{t- Xi)---{t- Xm). Then 

n n 

^"'0 G)' = 0.i-ce^«.(?)«V- = 0. 

i=0 ^ i=0 ^ 

By multiplication by q'^ for d = max{degi?i} (in order that 
q'^Rii^) are polynomials) we obtain 

As gcd(-u,t') = 1 then v divides the polynomial q'^Rn{^), then v 
divides q'^^"^(j) — A^g) ■ ■ ■ {p — X„,q). Then all irreducible factors 
of V divide q oi p — Xiq, i = 1, . . . ,m. 

Let A ^ {oo, Ai, . . . , A^}- Let V\ be an irreducible component 
of p — Xq, then Vx fl Z{v) is zero dimensional (or empty). Hence 
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V is not identically equal to on V\. Then for all but finitely 
many {x, y) EV^we get: 

n 
i=0 

Therefore g can only reach a finite number of values ci, . . . , c„ 
(the roots of Yl^=o -Ri(A)i'). Since Vx is irreducible, g is constant 
on Vx- 

• (3) ^ (4). Clear. 

• (4) =^ (1). We first give a proof that if g is constant along an 
irreducible component Vx of {p — \q = 0) then D f{g) = on Vx 
(we suppose that Vx is not in the poles of g). Let (xq, yo) ^ Vx 
and t 1-^ p{t) be a local parametrization of Vx around (a;o,|/o). 
By definition oi p{t) we have f{p{t)) = A, this implies that: 

and by hypotheses 51 is constant on Vx this implies g{p{t)) is 
constant and again: 

Then grad/ and grad (7 are orthogonal around {xq, yo) on Vx to 
the same vector, as we are in dimension 2 this implies that the 
determinant of Jacobian matrix of (f.g) is zero around (xo,yo) 
on Vx- By extension Df{g) = on Vx- 

We now end the proof: If g is constant on infinitely many 
irreducible components Vx of (p — Xq — 0) this implies that 
Df{g) = on infinitely many Vx- Then Df{g) = in K{x,y). 

□ 

3.2. Group of the divisors. Let / = |, let Ai,...,A„ e K, we 
denote by G(/; Ai, . . . , A„) the multiplicative group generated by all 
the divisors of the polynomials p — XiQ, i — 1, . . . ,n. 
Let 

rf(/) = (deg/)2 + dcg/. 

Lemma 3.3. Let Fi, . . . , G G{f; Ai, . . . , A„). If r ^ d{f) then there 
exists a collection of integers rui, . . . ,mr (not all equal to zero) such 
that 

g = flFreCf. 

i=l 
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Proof. Let /x ^ {Ai, . . . , A„}, and let S be an irreducible component of 
{p — HQ — 0). Let S be the projective closure of S. The functions Fj 
restricted to S have their poles and zeroes on the points at infinity of 
S or on the intersection S fl Z{F.j) C fl Z{q). 

Let n : 5* — > 5* be a normalization of S. The inverse image under 
normalisation of the points at infinity are denoted by {71, . . . , 7^}, their 
number verifies k ^ deg S ^ deg /. 

At a point 5 G Z{p) fl Z{q)^ the number of points of n~^{5) is the 
local number of branches of S* at 5 then it is less or equal than ord5(iS'), 
where ord5(S') denotes the order (or multiplicity) of 5 at 5 (see e.g. 
[Sh], paragraph IL5.3). Then 

#n~^(5) ^ ord5(5') ^ ord^ Z{j) — fxq) ^ ord^ Z{p — jiq) ■ ord^ Z{p) 
^ mult5(p - jjiq.p) = mult5(p, q) 

where mult s{p,q) is the intersection multiplicity (see e.g. [Fu]). Then 
by Bezout theorem: 

J2 #n-\S) ^ J2 mult5(p, q) ^ degp -degq^ (deg/)^. 

Sez(p)nz{q) sez(p)nz{q) 

Then the inverse image under normalisation of \Jl^iSr\Z(Fi) denoted 
by {7fc+i, . . . , je} have less or equal than (deg /)^ elements. Notice that 
l^degf + {deg f f = d{ f ). 

Now let Uij be the order of Fi at 7j (i = 1, . . . , r; j = !,...,£). 
Consider the matrix M — (I'ij). Because the degree of the divisor 
(Fi) (seen over S) is zero we get X]j=i ^ij = 0, for i = 1, . . . , r, that 
means that columns of M are linearly dependent. Then rkM < £ ^ 
d{f), by hypothesis r ^ d{f), then the rows of M are also linearly 
dependent. Let mi(/i, 5'), . . . , mr{n, S) such that ^i(A*, S)^^^ = 0, 

Consider the function g^^s — 111=1 Then this function is 

regular and docs not have zeroes or poles at the points 7^, because 
Si=i ''^iif^j S)Uij = 0. Then g^ s is constant on S. 

This construction gives a map {n, S) 1— >• (mi(/x, 5"), . . . , mr(/U, S*)) 
from K to Since K is uncountable, there exists infinitely many 
{/I, S) with the same (mi, . . . , m^). Then the function g — Y[i=i is 
constant on infinitely many components of curves of {p — jJ-q — 0) and 
by Lemma 3.1 this implies g & Cf. □ 

3.3. Non-composite rational function. Let / = |- Let G{f) be 

the multiplicative group generated by all divisors of the polynomials 
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p — Xq for all X E K. In fact we have 

G{f)= U G(/;Ai,...,A„). 

{\i,...,x„)eK" 

Definition 3.4. A family Fi, . . . ,Fj. G G{f) is f-free if (mi, .... m^) e 
is such that YYi=i ^ C*/ then (mi, . . . , m^) = (0, . . . , 0). 
A /-free family Fi, . . . , e (?(/) is f -maximal if for all F e (^(Z), 
{Fi, . . .,Fr,F} is not /-free. 

Theorem 3.5. Le^ / e K{x,y), degf > 0. T/ien the following condi- 
tions are equivalent: 

(1) dcg / = min {deg g\g eCf\ K}; 

(2) a{f) is finite; 

(3) Cf = K{f); 

(4) / is non-composite. 

Remark 3.6. This does not give a new proof of "ct(/) is finite -v^^ / is 
non-composite" because we use Bertini-KruU theorem. 

Remark 3.7. The proof (1) =^ (2) is somewhat easier than in [St], 
whereas (2) =J> (3) is more difficult. 

Proof. 

• (1) =^ (2). Let us suppose that a{f) is infinite. Set / = |, 
with gcdi{p,q) — 1. For all a e (t(/), let F^ be an irreducible 
divisor of p — aq, such that degF^, < deg/. By Lemma 3.3 
there exists a /-maximal family {Fi,...,Fj.} with r ^ c?(/). 
Moreover r ^ 1 because {F^} is /-free: if not there exists k ^ 
such that F^ G Cf then F^ e C/, but degF^^ < deg/ that 
contradicts the hypothesis of minimality. 

Now the collection {Fi, . . . , F^, F^} is not /-free, so that there 
exist integers {mi(Q;), . . . ,mr{a),m{a)}, with m{a) ^ 0, such 
that 

^mi(a) _ _ _ pmr[Q.) . pm{a) ^ 

Since cr(/) is infinite then is equal to K minus a finite number of 
values (see Theorem 2.2) then a{f) is uncountable and the map 

a I— > (mi(«), . . . ,mr(a),m(a)) is not injective. Let a ^ (3 such 
that mi{a) = mi{j3) = rrii, i = 1, . . . ,r and m(a) = m(/5) = m. 
Then Fi'"! • • • F^^ ■ F^ e Cf and F™^ ■ ■ ■ F^^ ■ F™ e Cf, it 
imphes that {FjFp)"^ e C/, therefore F^^/F^ e Cf. 

Now deg ^ < deg /, then by the hypothesis of minimality it 

proves ^ is a constant. Let a E K* such that F^ = aFp, by 
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definition Fa divides p — aq, but moreover Fa divides p — Pq (as 
Fj3 do). Then as F^ divides both p — aq and p — (3q, Fa divides 
p and q, that contradicts gcd(p, q) = 1. 
• (2) =^ (3). Let / = |, o-{f) finite and g E Cf,we aim at proving 
that g e K{f). The proof will be done in several steps: 

(a) Reduction to the case g = ^. Let g — ^ & Cf, then / and g 
are algebraically dependent, then there exists a polynomial 
in / and g that vanishes. As before let us write 

n 

J2R^{f)g'^0 

i=0 

where Ri{t) e K[t]. As / = J, ^ = f then 

n . n 

Q' = 0, hence j:fl.Q»V- = 0. 

By multiplication by q'^ for d = max{deg Ri} (in order that 
all q'^Rii^) are polynomials) we get: 

As gcA{u,v) = 1 then v divides the polynomial q'^Rn{^); 
we write vu' — q^R^i^) then 

u uu' 

^^v^'^RjTy 

But i?„(£) e ir(|) then ^ e Cf, but also we have that 

g e K{f) if and only if ^ G K{f). This proves the 
reduction. 

(b) Reduction to the case g — qu. Let g — ^ & Cf, £ ^ 0. As 
a(/) is finite by Lemma 3.1 we choose X & K such that 
p — Xq is irreducible and g & Cf is constant (equal to c) on 
p — Xq. As g = ^,we have p — Xq divides u — cq^. We can 
write: 

u — cq^ = u'{p — Xq). 

Then 
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As -7 and / = ^ arc in Cf wc get G Cf] moreover 
^ e K{f) if and only if ^ G -^(/)- By induction on 
i ^ this prove the reduction. 

(c) Reduction to the case g = q. Let g = qu E Cf. g is 
constant along the irreducible curve {p — Xq — 0). Then 
qu = Ui{p - Xq) + C\. 

Let degp = degg. Then (l^u^ — u\{p^ — Xq'^) (where 
denotes the homogeneous part of higher degree of the poly- 
nomial P). Then — Xq^ divides q^u^ for infinitely many 
X E K. As gcd(p, q) = 1 this gives a contradiction. 
Hence degp 7^ degg. We may assume degp > degg (oth- 
erwise qu E Cf and | e C/ implies pu e Cf). Then we 
write: 

qu = - ''^^ + ci, 

that proves that qui G Cf and that qu G K{f) if and only 
if qui G K{f). The inequality degp > degg implies that 
degiti < degu. We continue by induction, qui — qu2{^ — 
X) + C2, with degM2 < degi^i,..., until we get degM„ = 
that is Un G K*. Thus we have prove firstly that qUn ^ Cf, 
that is to say q E Cf, and secondly that qu G K{f) if and 
onlyif gGi^(/). 

(d) Case g — q. li q E Cf then q is constant along the irre- 
ducible curve {p — Xq — 0) then q — a{p — Xq) -\-c, a E K* . 
Then 

^-r3437)^^(f) = ^(/)- 

(3) ^ (4). Let us assume that Cf = K{f) and that / is com- 
posite, then there exist r G K{t), degr ^ 2 and g E K{x,y) 
such that f = r o g. By the formula dcg/ = degr ■ deg^f 
we get deg/ > degg^. Now if r = | then we have a relation 
b{g)f = a{g), then / and g arc algebraically dependent, hence 
by Lemma 3.1, g E Cf. As Cf = K{f), there exists s E K(t) 
such that g = so/. Then deg 51 ^ deg/. That yields to a 
contradiction. 

(4) =^ (1). Assume that / is non-composite and let g E Cf 
of minimal degree. By Corollary 3.2 we get Cf = Cg, then 
deggf = min {dcg h \ h E Cg \ K}. Then by the already proved 
implication (1) =^ (3) for g, we get Cg = K(g). Then f E Cf — 
Cg — K{g), then there exists r G K{t) such that f — r o g, but 
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as / is non-composite then degr = 1, hence deg/ = degg — 
min {deg h \ h eCf\ K}. 

□ 

4. Order of reducibility of rational functions in two 

variables 

Let / = I e K{x,y); for all X & K, let nx be the number of irre- 
ducible components oi p — Xq. Let 

p(/) = E(^A-i). 

By Theorem 2.2, is finite if and only if / is non-composite. We 
give a bound for p{f). Recall that we defined: 

d(/) = (deg/)2 + deg/. 

Theorem 4.1. Let K he an algebraic closed field of characteristic 0. 
If f E K{x, y) is non-composite then 

pU) < d{f). 

Proof. First notice that K can be supposed uncountable, otherwise it 
can be embedded into an uncountable field L and the spectrum in K 
would be included in the spectrum in L. 

Let us assume that / is non-composite, then by Theorem 2.2 and its 
corollary we have that cr(/) is finite: = {Ai, . . . , A^}. We suppose 
that p{f ) ^ d{f). Let / = |- We decompose the polynomials p — Xiq 
in irreducible factors, for i = 1, . . . , r: 

rii 

i=i 

where Ui stands for ux-. Notice that since gcd{p,q) = 1 then Fij di- 
vides p — Xiq but do not divides any of p — pq, p ^ Xi. The collection 
. . . , . . . , Fr,i, . . . , F^,n,_i}, is included in G{f, Ai, . . . , A^) 

and contains p{f) ^ d{f) elements, then Lemma 3.3 provides a collec- 
tions {mi 1, . . . , mi,„j_i, . . . , mj.,1, . . . , mr,nr-i} oi integers (not all equal 
to 0) such that 

i=i j=i 

By Theorem 3.5 it imphes that g e K{f)-, then g = ^Hj, where 
u,v & K\t]. Let //i, . . . , //fe be the roots of u and Pk+i-i ■ ■ ■ , Pe the roots 
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of V. Then 



so that 



9 = -TSK = « 



^9'' lij=fe+l q 



. . . 

(2) g = ag 



2fc ni=iP-/^»g 

ntfc+iP-/^i5 



If mjgjg 7^ then by the definition of g by equation (1) and by 
equation (2), we get that Fiojo divides one of the p — i^iq or divides 
q. If Fjgjg divides p - then Hi = Ajg e If Fj^jo divides q 

then /ij = oo, so that oo G In both cases p — Xi^^q appears in 

formula (2) at the numerator or at the denominator of g. Then Fi^^m^ 
should appears in decomposition (1), that gives a contradiction. Then 
p{f) < d{f). □ 

5. Extension to several variables 

We follows the lines of the proof of [Na3] . We will need a result that 
claims that the irreducibility and the degree of a family of polynomials 
remain constant after a generic linear change of coordinates. For x_ = 
{xi, . . . ,Xn) and a matrix B — (bij) G Gln{K), we denote the new 
coordinates hy B ■ x: 



B-x= {^bijXj,...,^h 

i=i i=i 



njXjj 



Proposition 5.1. Let K be an infinite field. Letn ^ 3 andpi, . . . ,p£ G 
K[xi, . . . ,Xn] be irreducible polynomials. Then there exists a matrix 
B G Gln{K) such that for all i — 1, ... ,1 we get: 

• Pi{B ■ x) is irreducible in K{xi)[x2, . . . , Xn\; 

• <i^g{x2,...,xr.)PiiB ■ x) = deg(^^_...^^„)p,. 

The proof of this proposition can be derived from [Sm, Ch. 5, Th. 
3D] or by using [FJ, Prop. 9.31]. See [Na3] for details. 

Now we return to our main result. 

Theorem 5.2. Let K be an algebraically closed field of characteristic 
0. Let f G K{x) be non-composite then p{f) < (deg/)^ + deg/. 

Proof. We will prove this theorem by induction on the number n of 
variables. For n = 2, we proved in Theorem 4.1 that p{f) < (deg/)^ + 
deg/. 
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Let / = I G K{x), with x= {xi, . . . , Xn). We suppose that / is non- 
composite. For each A e cr{f) we decompose p — Xq into irreducible 
factors: 

(3) p-Ag=n^i,r- 

i=l 

We fix /X ^ cr(/)- We apply Proposition 5.1 to the polynomials p — /xg 
and for all A e cr(/) and all i = 1, . . . , nx. Then the polynomials 
p{B-x)—ixq{B-x) and Fx^i{B-x) are irreducible in K{xi)[x2, ■ ■ ■ , Xn] and 
their degrees in {x2, ■ ■ ■ , Xn) are equals to the degrees in {xi, . . . , Xn) of 
p ~ fj^q and Fx,j. 

Let denote by A; = K{xi). This is an uncountable field, algebraically 
closed of characteristic zero. Now p{B ■ x) — nq{B ■ x) is irreducible, 
then f{B ■ x) is non-composite in k{x2, ■ ■ ■ , 

Now equation (3) become: 

p{B ■ X) - Xq{B x) = l[ Fx,i{B ■ xf^-. 

1=1 

Which is the decomposition of p{B ■ x) — Xq{B ■ x) into irreducible 
factors in k{x2, ■ ■ ■ , Then 

a{f)Ca{f{B-x)), 



where is a subset of K, and o'{f{B-x)) is a subset of /c = K{xi). As 
nx is also the number of distinct irreducible factors oip{B-x) — Xq{B-x) 
we get: 

pU)^pU{b-x)). 

Now suppose that the result is true for n — 1 variables. Then for 
f{B ■ x) e k{x2, ...,Xn) we get: 

p{f{B . x)) < (deg(,,,...,,^) f{B . x) f + (deg(,,,...,,„) f{B ■ x)). 

Hence: 

p{f)^pU{B-x)) 

< (deg(,„...,,„) f{B ■ x)f + (deg(,,,...,,„) f{B ■ x)) 
= (deg(^,,...,^„) /)' + (deg(^^,...,^^) /) 
= (deg/f + (deg/) 



□ 
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If for n = 2 we start the induction with Lorenzini's bound p{f ) < 
{degfy we obtain with the same proof the following result for several 
variables, for K of any characteristic K and a better bound: 

Theorem 5.3. Let K he an algebraically closed field. Let f e K{x) be 
non-composite then p{f) < (deg/)^. 
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